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product of algebras, under the name L-R-twisted tensor product of algebras. We investigate 
some properties of this new construction, for instance we prove a result of the type "invariance 
under twisting" and we show that under certain circumstances L-R-twisted tensor products 
of algebras may be iterated. 



^ ■ Introduction 

en 

^Sj ■ The L-R-smash product over a cocommutative Hopf algebra was introduced and studied in 

r-^ . a series of papers [1], [2], [3], [1], with motivation and examples coming from the theory of 

^^ \ deformation quantization. This construction was generalized in [15] to the case of arbitrary 

bialgebras (even quasi-bialgebras) , as follows: if i/ is a bialgebra, A an ff-bimodule algebra and 

A an i7-bicomodule algebra, the L-R-smash product ^ [^ A is an associative algebra structure 

dehned on ^ (gi A by the multiplication rule (c/9 t] u)[lp' \ u') = {ip ■ u'^^^)(n[_i] • y?') \\ U[o]^<o>' 

/\ • for all (p,ip' ^ A and u, u' € A. The usual smash product Aj^H (where yl is a left i?-module 

j^ . algebra) is a particular case, namely A^H = A\\ H ii we regard A as an i:/^-bimodule algebra 

with trivial right i:f-action (and H with its canonical i:f-bicomodule algebra structure). 

On the other hand, if A, B are associative algebras and R : B ® A ^ A ® B \s h linear 
map satisfying certain axioms, then A®B becomes an associative algebra with a multiplication 
defined in terms of R and the multiplications of A and B. This construction appeared in a 
number of contexts and under different names. Following [8j, we call such an i? a twisting map 
and the algebra structure on A® B afforded by it the twisted tensor product of A and B and 
denote it by A^rB. The twisted tensor product of algebras may be regarded as a representative 
for the cartesian product of noncommutative spaces, better suited than the ordinary tensor 
product, see [8], [11], [13] for a detailed discussion and references. There are many examples of 
twisted tensor products of algebras (see for instance [9], [12] for some concrete examples and 
classification results), the most relevant for us here being the usual smash product A^H (where 
H \s Si bialgebra and ^ is a left i?- module algebra). 
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If we look at a general L-R-smash product A\\ A, we realize quickly that it is not an example 
of a twisted tensor product of algebras. It appears thus natural to try to find a more general 
construction able to include the L-R-smash product as a particular case; that is, to find a 
common generalization for the L-R-smash product and the twisted tensor product of algebras. 
We introduce such a construction in this paper, under the name L-R-twisted tensor product of 
algebras, denoted by ^ q (^r B, where A, B are algebras and R: B(^A^A(^B,Q: A^B^ 
A®B are linear maps satisfying certain compatibility conditions. If Q = idA^B, then A q 0rB 
coincides with the twisted tensor product A ^r B. 

We find then a number of properties of this new construction, inspired by properties of the 
L-R-smash product or by properties of the twisted tensor product of algebras (or both). For 
instance, we prove that an L-R-twisted tensor product A q®rB with bijective Q is isomorphic to 
a certain twisted tensor product A®pB, generalizing a result from ^ISj stating that an L-R-smash 
product over a Hopf algebra with bijective antipode is isomorphic to a so-called diagonal crossed 
product. Also, by generalizing the corresponding result for twisted tensor products proved in 
[llj . we show that under certain circumstances L-R-twisted tensor products may be iterated 
(but for achieving this, we prove first a result of this type for L-R-smash products that will serve 
as a guiding example). Finally, we prove a result of the type "invariance under twisting" for 
L-R-twisted tensor products of algebras, as a common generalization of the corresponding one 
for twisted tensor products proved in [11] and of an invariance under twisting for L-R-smash 
products that we prove here and use also as a guiding example. 

1 Preliminaries 

In this section we recall some definitions and results and fix notation that will be used 
throughout the paper. We work over a commutative field k. All algebras, linear spaces etc. will 
be over k; unadorned ® means ®k. By "algebra" we always mean an associative unital algebra. 

We recall from [8], [17] that, given two algebras A, B and a fc-linear map R : B®A^A(^B, 
with notation R{b ® a) = or® bR, for a £ A, b £ B, satisfying the conditions 

aR^lR = a^l, 1r (g) 6r = 1 (g) 6, 
(ao')ij (8) 6ij = aRa'^ (g) bR,., 
OR (g) {bb')R = OR^ (g brb'ji, 

for all a, a' € A and b,b' € B (where r is another copy of R), if we define on A B a new 
multiplication, by (o (g b){a' (g) b') = aa'^ (g) bpb' , then this new multiplication is associative and 
has unit 1 (g 1. In this case, the map R is called a twisting map between A and B and the new 
algebra structure on A® B \s denoted by A ®r B and called the twisted tensor product of 
A and B afforded by R. 

Let i? be a bialgebra, A an f/^-bimodule algebra (with i?-module structures denoted by 
h®ip^^h-ip and ip®h^^ ip-h for all /i € -ff , (/? G .4) and A an f/^-bicomodule algebra (with H- 
comodule structures denoted by A — )■ ii'tg) A, u i— )■ tt[_i] fgiup] and K ^ K®H,u ^^ u<o> C?)u<i> 
for all u € A). Define on ^ (g) A the product (if \] u){(p' \ u') = {if ■ u'^i^){u[^i] • ip') \] U[o]tt<o>' 
for all ip,ip' £ A and u,u' G A. Then, by |15j, this product defines on ^ (g A a structure of 
associative algebra with unit 1^^ (g> 1ai denoted by ^ t| A and called the L-R-smash product 
of A and A. In particular, for A = H, the multiplication oi A[\ H is defined by 

{if \\ h){ip' [\ h') = {p ■ h'2){hi ■ if') \\ h2h[, V (^, 99' G A, h, h' G H. 



2 The definition of the L-R-twisted tensor product of algebras 

Proposition 2.1 Let A and B be two (associative unital) algebras, and R: B^A^A^B, 

Q: A(g)B^A(g>B two linear maps, with notation R{b (8) a) = Oi? ® b^, Q{a ® h) = aq (^ hq, 
for all a ^ A, 6 G B, satisfying the following conditions: 

Ofl (8) Ij? = a (g) 1, lR®bR = l^b, (2.1 

{aa)R 'S>bji = aRa[. (g) bR^ , (2.2 

aR {bb')R = OR,. ® brb'R, (2.3 

OQ (g) 1q = a (g) 1, 1q (g) 6q = 1 (g) 6, (2.4 

{aa')Q 6q = aqa'q ® bq^ , (2.5 

ag ® (fe^')Q = OQ, 6q6;, (2.6 

&i? ® aRg <g) 6q = 6ij (g ag^ (g) 6q, (2.7 

aR(S>bRQ(S>a'q = aR^bq^^^OQ, (2.8 

/or a// a, a' E A and b, b' G i?, where r (respectively q) is another copy of R (respectively Q). If 
we define on A® B a multiplication by [a (g b){a' (g) b') = aqa'^ (g bRb'p, then this multiplication 
is associative and 1 (g) 1 is the unit. This algebra structure will be denoted by A q ®r B and will 
be called the L-R-twisted tensor product of A and B afforded by the maps R and Q. 

Proof. The fact that 1 (g) 1 is the unit is obvious using ()2.ip and (j2.4p . so we only prove the 
associativity. We compute (where R = r = TZ and Q = q = Q)'- 

[{a0b){a'(^b')]{a"®b") = {aqa'R®bRb'q){a" (^b") 

ia'Qa'R)qa'l {bRb'q)rbq 
iAihj I II ^ M 1 1 \ 1 1I 

O'QgaR^a^ «) [oRbqjrbQ^ 

'^Q,<^'RQ(^'k®bRrb'qjQ^ 

^Q^dA^bRrbL^'k, 
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{a®b)[{a'0b'){a"®b")] = {a b){a'qa'^® b'Rb'^^) 



o-q{aqaR)r ®br{b'Rbl^)q 
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O'qaQn^'Rr ®bT^r{bRbq)q 

("Q/QA^^T^rbR^b'^,, 

and we see that the two terms are equal. D 

Remark 2.2 If Q = idA®B, then A q 0r B is the ordinary twisted tensor product of algebras 
A(^rB. 



Example 2.3 If H is a bialgebra, A is an H-bimodule algebra and A is an H -bicomodule 
algebra, with notation as before, define the maps 

R : A ® A ^ A ® A, R{u (g) c/j) = u^-i] ■ V (S> U[o] , 
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for all ip £ A and n € A. Then one checks that the maps R and Q satisfy the axioms in 
Proposition \2.1\ and the L-R-twisted tensor product A q ®/j A coincides with the L-R-smash 
product A\\ K. In particular, for A = H, the above maps are given, for all if (z A, /i G H , by 

R: H 0A^ A0 H, R{h®ip) =hi- ip®h2., 
Q : A(^H ^ A®H, Q{ip®h) = ip-h2®hi. 

A particular case of Proposition 12.11 is obtained if R is the flip map b® a^^ a^b: 

Corollary 2.4 Let A, B be two algebras and Q: A®B^A®B a linear map satisfying the 
conditions \2.4% i2. 5\) and \2.0\l . Then the multiplication (a (8) b){a' ® b') = aqa' bb'n defines 
an associative algebra structure on A® B with unit 1 (X) 1, denoted by A q ® B. 

Remark 2.5 Let A, B be two algebras and Q:A®B^A®B a linear map, with notation 
Q{a®b) = aQ0bQ. Define the map Q°p : B(g)A ^ A® B, Q°P{b0a) = aQ^bq. Then one can 
easily check that Q satisfies the conditions (2^, ^2. 5\) and 112. 6\} if and only if Q°^ is a twisting 
map between the opposite algebras A"^ and B"^ and in this case we have an algebra isomorphism 
A Q B = {A°P ®Qop B°P)°P, given by the trivial identification. 

Remark 2.6 If A q ^r B is an L-R-twisted tensor product of algebras, we can consider also 
the algebras A ®_r B and A q B. 



We recall the following concept and result from [13j: 

Proposition 2.7 Let D be an algebra with multiplication denoted by ^d = fJ- cind T : D D —^ 
D ® D a linear map satisfying the following conditions: T{1 ® d) = 1 ® d, T{d ®1) = d®l, for 
all d £ D, and 

H23 °Ti3 0T12 = T o fi23 ■■ D (^ D (g) D ^ D (g) D, (2.9) 

H120T130T23 = T o f^i2 ■■ D ^ D (g) D ^ D (g) D, (2.10) 

T12 0T23 = T23 0T12 : D (g) D ^ D ^ D ^ D g) D, (2.11) 

with standard notation for Tij and fiij . Then the bilinear map noT: DigD^D is another 
associative algebra structure on D (with the same unit 1) denoted by D^ , and the map T is 
called a twistor for D. 

Proposition 2.8 Let A q igji B be an L-R-twisted tensor product of algebras. Define the maps 

Ti, Ta, Tg : {A^ B) ^ {A(g) B) ^ {A^ B) ^ {A0 B) by 

Ti((a (S)b)(g) {a' (g) b')) = {aq (g) 6r) (a^ (g) b'g), 
T2((a (S>b)(g) {a (g b')) = {ag (g)b)(g) {a g) b'g), 
T3((a (gb)Cg) {a' (g 6')) = (a (g ba) (g (a^ (g b'). 

Then Ti is a twistor for A ig B, T2 is a twistor for A (g^ B, T3 is a twistor for A q (g B and 
moreover we have Aq^rB = {A(g) B)"^^ = {A <S)r B)^^ = {Aq<S) B)'^'-^ . 

Proof. Straightforward computations, using the relations (|2.ip - ()2.6p . D 



Proposition 2.9 Let A q (Xir B be an L-R-twisted tensor product of algebras such that Q is 
bijective with inverse Q^^ . Then the map P: B(S^A^A0B, P = Q^^ o R, is a twisting map, 
and we have an algebra isom,orphism Q : A (8)p B ^ A q (8)/j B. Thus, an L-R-twisted tensor 
product with bijective Q is isomorphic to an ordinary twisted tensor product. 

Proof. First, it is obvious that ap®l = o® 1 and lp®bp = 1 (8) 6, for all a € ^, 6 € B. We check 
now that P is a twisting map. Let a, a' G A, b, b' € B; we denote Q~^{a (X) 5) = og-i (8) bq-i = 
ttq-i (8) bq-i and P{b ® a) = ap (^bp = ap® bp. We compute (denote Q = q = Q = q)- 

Q{apa' (g) bp^) = {an , 4 _i )q <^ i^R )q 

n ^ 



q 






Qq Qtq 
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^Q ^Qr 

apa'j. (g) bp^ 

{aa)p (g) bp, 

hence by applying Q^^ we obtain {aa')p ®bp = apa'p bp^, that is ()2.2p for P. The fact that P 
satisfies (j2.3p can be proved similarly. The only thing left to prove is that Q is an algebra map. 
We compute: 

g((a®6)(a'®6')) = {aap)Q {bpb')Q 

= agOp^ (g) {bpb )q, 

aqa'p (^ {bpQb!^)q 

aq^a'ji_0bp^l^_ 
ag.a'^^®bR^b^_ 

= {ag(^bg){a!^®b'-^) 

= Q{a®b)Q{a' ®b'), 

finishing the proof. D 

Remark 2.10 Proposition \2.y\ generalizes (and was inspired by) the following result in 115^ . 
Let H be a Hopf algebra with bijective antipode S and A an H-bimodule algebra. Consider the 
so-called diagonal crossed product (cf. ^, jilOf) A \xi H, which is an associative algebra built 
on A<^ H , with multiplication defined by [if M h)[ip' ex] h') = (p{hi ■ tp' ■ S^^{h3)) cxi /12/1', for 
all (p,f' G A and h, h' € H, that is, A t^i H is the twisted tensor product A (gp H, where 
P : H <^A^ A^H, P{h (g) if) = hi ■ if ■ 5~^(/i3) (g) /i2. Then the map Q : A\xi H ^ A\\ H, 
Q{ip t><\ h) = if ■ h2\] hi, is an algebra isomorphism. 
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The next result generalizes the corresponding one for twisted tensor products (cf. [5j): 

Proposition 2.11 Let A q®rB and A' Qf(S)R'B' be two L-R-twisted tensor products of algebras 
and f : A ^ A' and g : B —?■ B' two algebra maps satisfying the conditions {f(S'g)oR = R'o{g®f) 
and {f ® g) o Q = Q' o {f ® g) ■ Then f (^ g is an algebra map from A q (8)_r B to A' qi ^ji/ B' . 

Proof. It is obvious that f g is unital, so we only prove that it is multiplicative. Let a,x & A 
and b,y G B; we compute: 

{f^g){{a<^b){x(^y)) = {f ®g){aQXR®hRyQ) 

= f{aQ)f{xR)(S>g{bR)g{yQ) 

= f{a)Q'f{x)R' ®g{h)R'g{y)Q' 

= U{a)®g{b)){f{x)(^g{y)) 

= {f®g){a®b){f(^g){x®y), 

finishing the proof. D 

3 Iterated L-R-twisted tensor products of algebras 



It was proved in [TT] that, under certain circumstances, twisted tensor products of algebras 
may be iterated. More precisely: 



Theorem 3.1 (lll'j) Let A ®r^ B, B 0r,j C and A (S)r^ C be twisted tensor products of algebras. 
Define the maps 

Ti : C (A (S>R^ B) -^ {A (g)R, B) ® C, Ti = {idA «> R2) ° (Rs «> ids), 
T2:{B(g)R^C)(g,A^A(g> {B (g>R^ C), T2 = {Ri (g) idc) o {ids (S> R3), 

and assume that Ri, R2, R3 satisfy the following compatibility condition (the hexagon equation): 

{idA ® R2) o (-R3 ® ids) o {idc ® Ri) = {Ri ® idc) ° {ids ® R3) ° {R2 ® idA). 

Then Ti is a twisting map between A (8)^1 B and C , T2 is a twisting map between A and B ^r^ C 
and moreover the algebras {A (8)jj^ B) (8)7-^ C and A ®t2 {B (8>_R2 ^) coincide. 

Our aim is now is to generalize this result for L-R-twisted tensor products of algebras. We 
begin with what will be our guiding example, namely a situation when L-R-smash products may 
be iterated. 

We recall the following construction introduced in [16]. Let H he & bialgebra and denote 
by CR.{H) the category whose objects are vector spaces M endowed with i?-bimodule and 
-ff-bicomodule structures (denoted hy h m 1-^ h ■ m, m ® h 1-^ m ■ h, m 1-^ m^~^' (8) m^"-', 
m I— 7> m'^^^ ®m^^^, for all /i € -fT, m € M), such that M is a left-left Yetter-Drinfeld module, a 
left-right Long module, a right-right Yetter-Drinfeld module and a right-left Long module, i.e. 

{hi • m)("^)/i2 ® {hi • m)(°) = him'--^^ (E) /12 • m(°), (3.1) 

{h • m)<°> O {h ■ m)<^> = h ■ m<°> (g) m<^> , (3.2) 

(m • /i2)<°> (g)hi{m- h2)^^> = m<°> • hi ® m<^>/i2, (3.3) 

(m • /i)(-^) ® (m • /i)(°) = m(-^) (g) m(°) • h, (3.4) 



for all h (z H, m €z M; the morphisms in CTZ{H) are the /7-bihnear /f-bicolinear maps. The 
objects of CTZ{H) are called Yetter-Drinfeld-Long bimodules. This category CTZ{H) is a strict 
monoidal category, with unit k endowed with usual //-bimodule and /i^-bicomodule structures, 
and tensor product given as follows: if M, A^ G CTZ{H) then M ® N ^ CTZ{H) with structures 
(for ah meM,neN,he H): 

h ■ {m (8) n) = /ii • 771 ® /i2 • n, 
[m ®n)-h = m-hi®n- /12, 

(m (g) n)<°> (g (m (g n)<^> = (m<°> (g n<°>) (g m<^>n<^>. 

Let now A be an algebra in the monoidal category C1Z{H). By looking at the definition 
of C1Z{H) as a monoidal category, it is easy to see that, in particular, A is an if-bimodule 
algebra and an ff-bicomodule algebra. Thus, if A is an //-bimodule algebra, we can consider 
the associative algebras A\\ A and A \\ H. 

Proposition 3.2 Let H be a bialgebra, A an algebra in C1Z{H) and A an H-bimodule algebra. 

Then: 

(i) A\\ A is an H-bimodule algebra, with H -module structures given by h- (if [\ a) = hi-ip \\ h2-a 

and {if \] a) ■ h = ip ■ h2\\ a ■ hi, for all (p G A, a G A, h G H . 

(a) A\\ H is an H -biconiodule algebra, with H-comodule structures given by 



X:A^H^H^{A^H), X{a^h) = a^'^hi (a(°) d /la) := (a [\ /i)[_i] (a [\ h\o], 
p:A\]H^{A^H)®H, p(a ^ /i) = (a<°> d hi) (g /i2a<^> := (a ^ /i)<o> (a ^ /i)<i>. 

(^iiij The algebras {A\\ A) [\ H and A\\ {A\] H) coincide. 



Proof, (i) Obviously, A \i A is an //-bimodule. Let h G H, ip,Lp' G A and a, a' G ^. We check 
the left and right //-module algebra conditions: 

{hi-{ip\\a)){h2-{^' \\a')) = [hi ■ ip \\ h2 ■ a){h3 ■ ^' \\ h^ ■ a') 

= {{hi ■ 99) . (/i4 • a')<'^){{h2 ■ a)(-i) ■ {hs ■ /)) 

^ (/ii • (^ • G'<i>)((/i2 • a)(-i)/.3 • V^O ll (/i2 • afHh, ■ a'<°>) 

EH 



(/ii • 99 • a'<i>)(/i2a(-i) • (^') d (/i3 • aW)(/i4 • a'<0>) 
= /i- ((93 [^ a)(99' t] a')), Q'.e.d. 

{{ip\\a) ■hi){{ip' \\a) ■h2) = {ip ■ h2\] a ■ hi){ip' ■ h4,\\ a' ■ hs) 

= {{if ■ h2) ■ {a' ■ h3)<'>){{a ■ /ii)(-i) • {^' ■ h^)) 
Ha-hifHa-h3)<'> 

{^ ■ h2{a' ■ /i3)<^>)(a(-i) • / • /14) \\ (a(°) • hi){a' ■ hs)<'> 

(99 • a'<i>/i3)(a(-i) • ip' ■ hi) \ (a(°) • /ii)(a'<°> • /i2) 






= (((/? ll a)((/7' t] a')) • /i, q.e.d. 

(ii) It is very easy to see that A\\ H is an //-bicomodule, so we check the left and right H- 
comodule algebra conditions: 

X{{a^h){a'^h')) = X{{a ■ h'^){hi ■ a') ^ h2h[) 

= (a • hi^)''-^\hi ■ a')^-^^h2h[ (g) ((a • h'^f^h^ ■ a^^ \\ h^h'^) 

- a(-i)/iia'(^^)/i; (g) ((a(°) • /i'3)(/i2 • a'^°^) \\ hsh'^) 
= X{a \\ h)X{a' \\ h'), q.e.d. 

p{{a^h){a'^h')) = p{{a ■ h'2){hi ■ a') ^ h2h[) 

= {{a ■ h'^)<°>{hi ■ a')<°> \\ /i2/i'i) «) hsh'^ia ■ h'^)<^> {hi ■ a')<^> 
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= ((a • /i3)<°>(/ii • a'<o>) \\ h2h[) ® h3h'2{a ■ h'^) — a 
^ ((a<0> • h'2){hi ■ a'<0>) \\ h2h[) ® h3a<'>h'3a'<'> 

= p{a \\ h)p{a' \ h'), q.e.d. 

(iii) We write down the multiplication of (^ [^ A) ^ H: 

{{^ ^ a) \\ h){i^' ^ a') ^ h') = {{^ \\ a) ■ h'2)ihi ■ (ip' ^ a')) ^ h2h[ 

= ((/? • /13 t] a • h'2){hi ■ ip' \\h2- a') \\ h^h'^ 

{^■h',{h2-a')<'>){{a-h'2)'^-''>hi-^') 
^{a-h'2f\h2-a')<'''^h3h', 

^^23 (^ . h',a'<'>Ka^-^hi . ^') ^ (aW • h'2){h2 ■ a'<^>) ^ h^h',. 
We write down the multiplication of ^ I5 {A[\ H) : 

(^ n« ^ h)W \ («' \ h')) = {ip ■ (a' \\ /i')<i>)((a \\ h\^^ ■ ip') ^ (a ^ h)[o]{a ^ /i')<o> 

= ((^ • /i'3a'<i>)(a(-i)/ii • ^0 h (a(0) • /i^)(/i2 • a'<o>) ^ /i3/i'i, 
and we see that the two multiplications coincide. D 

We are able now to find a common generalization of Theorem 13.11 and Proposition | 



Theorem 3.3 Let A q^ (8)Ri B, B Qj (8)_R2 C*, A q^ ®r^ C he three L-R-twisted tensor products 
of algebras, such that the following conditions are satisfied, for all a (^ A, h ^ B, c G C : 

{aR,)R3 «) (6fii)i?2 «) {cr.,)r2 = (0^3)^1 ® ibR2)Ri (^ (ci?2)fl3' (3-5) 

(oqJqs ® (ftOi)Q2 «) (c03)q2 = (003)01 ^ (^02)01 <» (cQ2)q3> (3.6) 



Define 


the 


maps 






Ti 


C(^{A®B) 






Vi 


{A(g)B)(g)C 






T2 


{B^C)®A 






V2 


A^{B0C) 



ai?i «) ibRi)Q2 «) CQ^ = CLRi <» {bQ^)Ri O CQ2, (3.7) 

OQi «) (fei?,2)Qi <» Cif,2 = OQi «) (&Qi)i?2 (^ CK2; (3-8) 

(«Qi)i?3 f^ &Qi «) CiJs = (0^3)01 '^ ^Qi <^ Ci?3, (3.9) 

(«i?4)Q3 (^ ^i?,i S) CQ3 = (cQa)/?! (g) 6ri (g) CQ3, (3.10) 

ai?3 '^ bg^ '^ (cQ2)iJ3 = «i?3 "^ ^Q2 <^ (ci?3)Q2> (3-11) 

OQs (» ^R2 "^ (cQ3)i?,2 = «Q3 (^ ^i?2 (^ (c/?2)q3- (3-12) 



(^ (g) 5) (g) C, Ti (c (g (a ® 6)) = (a/j3 (g feif,^ ) (g (0^3 )ij,2 , 

(^ (g) 5) (g) C, Viiia 6) (g c) = (aQ3 O bgj (g (0^3)02, 

A (5 C), T2((6 ®c)(^a) = {aR^)R, ® (bR, (^cr,), 

A(S){B(S) C), V2(a (g (6 (g c)) = iaQ.^)Q^ <S) (6qi O cq.,). 

Then {A q^ (gj:j^ B) Vi '^Ti C and A y^ (g^j {B q^ ®r,^ C) are L-R-twisted tensor products of 
algebras and moreover they coincide as algebras. 

Proof. We only give the proof for (A g^ 0r-^ B) y^ ®Ti C, the one for A y^ ®t2 {B Q2 '^R2 C) is 
similar and left to the reader. We need to prove the relations (I2.ip - (l2.8p for the maps Ti and 
Vi. We only prove ()2.2p . (j2.5p and (|2.8p . the other relations are very easy to prove and are left 
to the reader. 
Proof of ([ZSD: 

(aQiORjiJa ® ibRibQjR2 (g (cij3)/j2 

(aQi)iJ3(«iJi)'-3 (^ {bRib'Q^)R2 ® iicR;)r3)R2 

(aQl)i?3(«i?i)r3 (^ (^/?i)i?2(&Qi)r2 "^ (((CiJ3)'-3)i?2)r2 

(aQl)i?^3(«W)r-3 (^ {bRl)R2ib'r2)Ql "^ (((Ci?,3)r3)iJ2)r2 

(afi3)Ql(«i?4)^3 (^ {bRl)R2ib'r2)Ql "^ (((Ci?,3)r3)iJ2)r2 

(aK3)Qi(«r3)iJl f^ {bR2)Rlib'r2)Qi (^ (((Ci?3)iJ2)r3)r2 
(Oi?3 <g) 6h2)«3 '^b'^^)® iiiCR.,) R2)rs)r2 

(a(g6)Ti(a'(g6')ti (^ (cTi)ti, g-e.d. 



((a(g6)(a'(^6'))Ti <» cti 



I2jt 
I2jt 

I3jt 
I33t 



Proof of dM 



((a(gfe)(a'0 6'))yi cvi 



J23t 
I2jl 



(aQia^i)Q3 <^ (^/?i^Qi)q2 <» (cQ3)q2 
(aQi)g3(a'i?jQ3 <» (&i?i^Qi)Q2 (^ ((cQ3)<?3)Q2 
(aQi)g3(aRi)Q3 (» {bR,)q.,{b'QjQ2 (g (((£03)93)02)92 

(093)01 (aRjQ3 (» ibRl)q2ib'Q2)Ql ^ (((CQ3)Q2)<?3)g2 



(093)01 (aRi)Q3 ® iK)RiiP'Q2)Qi ^ (((cQ3)Q2)<?3)g2 
{aqi)Qi{a'Qs)Ri ® (^92)^1(^(32)01 ® (((cQ3)Q2)g3)<?2 

(Oqa «) bg2)(aQ3 <S) bQ^) O (((CQ3)Q2)93)g2 

= (a (g) 6)t,^(a' ® 6')vi (8) (cyj^j, g.e.d. 



Proof of dM 



(a 6)ti ® (cvi)ti <8) (a' (g) 6')vi = {aRs (S>bR^)(g) {{{cQ,i)Q2)R3)R2 ^ {^'q.^ ® &Q2) 

(ai?3 (8 &il2) <» (((CQ3)R3)Q2)fl2 '^ (OQa O 6Q2) 

(ai?3 '^ bji^) O (((cij3)Q3)fl2)Q2 «) (aQ3 O 6qJ 

(ai?3 (^ ^^2) '^ iiicR3)R2)Q3)Q2 '^ (aQ3 O &Q2) 
(a (g) 6)ti (8> (cTi)vi "Xi (a' "gi ^Ovi, q.e.d. 



I3J21 



We prove now that {A q^ (g)^^ B) Vi ^Ti C = A V2 ®T2 {B Q2 ®R2 C). We write down the 
multiplication of {A q^ (g)/?^ B) y^ (g)^^ C: 

((a (g 6) (g) c)((a' (g) 6') (g c') = {a® b)v-, {a (g) 6')ti (g ctic'^i 

= (oQs «> bQ2)ia'R3 ® &R2) «) (cR3)R2(CQ3)q2 

= iaQ3)Qlia'R,)R, (ftQ2)i?l(^K2)Ql ® (Cfl3)fi2(CQ3)Q2 

= (aQ3)Ql(aiJ3)«l '^ (^Q2)ill(&Qi)i?2 (^ (CiJ3)iJ2(CQ3)Q2- 

We write down the multiplication of A V2 ®T2 (B Q2 <gi?2 C*): 

(a(g (6(gc))(a'(g (6'(g)c')) = av2a'T2 {b® c)T2{b' ® c')v^ 

= (a03)Qi(ai?3)«i ® (^^1 "^ Cij3)(6Q^ ® c^g) 

= (aQ3)Ql(a'i?3)i?l «) (&Ki)Q2(feQi)i?2 "^ (CiJ3)iJ2(CQ3)Q2 

In Vl 

= (aQ3)Qi(aiJ3)«i '^ (^Q2)ili(&Qi)i?2 ® {cR3)r2{cq^)q2^ 
and we can see that the two formulae are identical. D 

4 Invariance under twisting 

Let i7 be a bialgebra and F ^ H ® H a, 2-cocycle, that is F is invertible and satisfies 

{£®id){F) = {id(^e){F) = 1, 

(1 ® F){id ® A)(F) = (F ® 1)(A (g id){F). 

We denote F = F'^ ® F"^ and F~^ = G^ (g) G^. We denote by Hp the Drinfeld twist of H, 
which is a bialgebra having the same algebra structure as H and comultiplication given by 
Apih) = FA(/i)F-\ for all heH. 

If A is a left iZ-module algebra (with //-action denoted by h ® a 1— ?• h ■ a), the invariance 
under twisting of the smash product A^H is the following result (see |14] . [6]). Define a new 
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multiplication on A, hy a * a' = {G^ ■ a){G'^ ■ a'), for all a, a' € A, and denote by Ap-i the new 
structure; then Ap~i is a left i^ir-module algebra (with the same action as for A) and we have 
an algebra isomorphism Ap-i^Hp ~ A^H, a^h >->■ G^ ■ a^G'^h. 

This result was regarded in [TT] as a particular case of a very general result (Theorem 4.4) 
for twisted tensor products of algebras, that was called "invariance under twisting" for twisted 
tensor products of algebras. 

Let again H he a bialgebra, F (^ H H a 2-cocycle and A an i:f-bimodule algebra. Define 
a new multiplication on A, hy ip • ip' = (G^ • if ■ F^){G'^ ■ if' ■ F"^), where F = F^ ® F"^ and 
F^^ = G^ ® G^ , and denote by i^^^^-i the new structure. Then one can easily see that f-^f-^ 
is an ff^T'-bimodule algebra, and moreover we have the following invariance under twisting for 
L-R-smash products: 

Proposition 4.1 We have an algebra isomorphism 

fAf-i\\Hf^A\\H, ip\\h^G^ -if-F^liG^hFK 

Our aim is to prove an "invariance under twisting" for L-R- twisted tensor products of alge- 
bras, that is, to find a common generalization of Proposition 14.11 and of Theorem 4.4 in |llj . 

Proposition 4.2 Let A, B he two algebras and R: B®A^A®B,Q: A®B^A®B 
two linear maps, with notation R[h ® a) = a^® hn and Q{a ® b) = aq ® hq, for all a ^ A 
and b G B, such that jg. Tp holds. Assume that we are given linear maps fn : B ® A ^- A, 



b®a^^ b- a, fir : j4 (g) i? — )• ^4, a(S)b >-^ a-b, pr : A ^>- A(S^B, pr{a) = a(o) ^ci(i), Pi : A ^ B ^A, 

Pi{a) = a<_i> (8> a<o>> ^^c^ denote a* a' := (a(o) • o<-i>)(o(i) • o^<o>)' /'''" ^^^ ^^ ^' ^ ^- Assume 

that the following conditions are satisfied: Pr(l) = l<8>lj Pl{^) = 1(81, 1-a = a = a ■ 1, 
a(o)(a(i) • 1) = a, (1 • a<-i>)a<o> = a, and 

b ■ (0(0) (a(i) • a')) = a(o)^(6/ja(i) • a'), (4.1) 

((a • a<_i>)a<o>) ■ b = (a ■ a<-i>6Q)a<o>Q, (4-2) 

Pr{a*a') = (a(o) • ^[o)r^_^J'^[o)r^^^ ® «(i)fl"{i)' (4-3) 

pi{a • a') = a<_i>a'<_i>^ (g) a<o>Qj„j (a<o>Q(^, • a<o>), (4.4) 

a(o)<„i> (^ o,io)<o> ® 0(i) = a<-i> ^ a<o>(o) ® o,<o>w > (4-5) 

aQ{o) ^ «Q(i) ® ^Q = a{o)Q (^ ^(i) (g) bq, (4.6) 

afl<_i> (X) aR<o> ®bR = a<_i> (g) a<o>_R » &K, (4.7) 

/or a// a, a' € A and b £ B. Then (^, •, 1) is an associative unital algebra, denoted in what 
follows hy A. 

Proof. Obviously, 1 is the unit, so we only prove the associativity of •; we compute: 
{a •a') •a" = ((a • a')(o) • a<-i>)((a • a')(i) • a<o>) 

= [((a(0) • "(0)«<_,^ )"(0)«<o> > ■ "<-i>n"(i)fl"(i) • «<0>] 



g3 



«{o) ■ «(o)<_i>«<-i>q)«(o)<o>„ («(i)fl«(i) ■ «<o>) 
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i^ki^ / I II \ I I I II \ 

- (0(0) •a<_i>a<_i>^ja<o>,o)^ ia(i)fl«<o>(i) • a<o>J' 



a»{a!*(i') = (a(o) • (a'»a")<-i>)(a(i) • (a'«a")<o>) 

i^iM I I II \/ (I (I II \\\ 

- (0(0) • a<-i>«<-i>QK«(i) • '^"<o>Q(Qj \(^<Q>Q^^^ ■ 0'<o>))) 

= (a(0) • a<~i>a<-i>Q)a<o>Q^gj^ («(i)ij"<o>Q(^j • a<o>) 

IsiDj' / I II \ I ( I II \ 

- (a(o) • o<-i>o<-i>Qja<o>(o)Q^ (.«(i)is«<o>(i) • a<o>) 

l^iiJ / I II \ I I I II \ 

= (0(0) •a<_i>a<_i>^ja<o>((,)^ [a'{i)na<o>^^^ ■ a<o>), 

finishing the proof. D 



Theorem 4.3 Assume that the hypotheses of Proposition^^ are satisfied, such that moreover 

A Q ®R B is an L-R-twisted tensor product of algebras. Assume also that we are given linear 
maps Xr : A ^ A^ B, Xr{a) = a^j (8> a^i^, and Xi : A ^- B ^ A, Xi{a) = a{_i} ^ a{o}; such that 
Ar(l) = 1 (8) 1, A/(l) = 1 (8) 1 and the following relations hold: 

«(0)[oi ®"{o)[i]a{i) = a(g)l, (4.8) 

a[o](o) ^a[o](i)a[i] =a«'l, (4-9) 

a<-i>a<o>{_i} ^ a<o>{o} = 1 <^ a, (4.10) 

a{--i}a{o}<-i> <^ a{o}<o> = 1 «> a, (4.11) 

«[0]{-i} ® a[o]{o} "^ «[i] = «{-!} ® «{o}[oi ® «{0}[i] > (4-12) 

a[o]<_i> "^ a[o]<o> (8) a[i] = a<_i> (g) a<o>[o, a<o>[i, , (4.13) 

«(0){-i} ® «(0){o} ® «(1) = «{-!} ® "{0}(o) ® «{0}(i) > (4-14) 

A^(aa') = a[o](o)(a[o](i) • a'flfo,) «> aR^^^^^i]^, (4.15) 

A/(aa') = a{_i}QaQ^_^j (oq^^j • O|o}<_i>)a{o}<o>' (4-16) 

Pl{{a ■ a<_i>)a<o>) = a<-i>a<-i>p ^ a<o>Qa<o>' (4-17) 
a(0)<_i>^a'(i)Q 0a(o)<o>Q ® «{o)<o>^ ® "(0)<-i> ® «(i) 

= «(i)"(o)<-i> <» a{o)<o> «> >)<o> ^ >)<_!> "^ a{i)' (4-18) 

= «(i)g«<o>Q, _^ «) «<o>Q, ^ "^ a<-i> "^ 0(0) «) &Q, (4.19) 
"(0)flj„, <» <-i>a(o)«,^j^ «> <o>Q <» a(i) ^ ^i? 

(0).^ «) a{o),^ a<-i>H '^ "<o> "^ 0(1) (g) 6^, (4.20) 



a 



[0] 



'^<0>QroJ ^ "<0>«{0} "^ "<-!> ^ °<0>Q{-1} ® ^« '^ ^Q 
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= «(o)<o>«^ '^«(o)<o>«,, «'a(0)<_i> f^aW^&K^^Q, (4.22) 

(«(0) • ^')fi[o],o) <^ («(0) • ^')iJ[o](,) "^ («(0) • ^')i?^[i] ®bR® a(i) 

= «(0)«,„, • ^' ^ a(0)fl,„, ® «(0)fl,, <» &i?, <^ 0(1) , (4.23) 

|UI(0) 1^1(1) w 

a<_i> (8) (& • <o>)Q{-i} <» (^ • a<o>)Q{o}<_i> "^ (^ ' «<o>)Q{o}<o> "^ ^'q 

= a<_i> o<o>Q^_^j «) "<o>Q{o}^_^^ ® ^ ■ "<o>Q{o}<o> ^ ^'^' ^^'^^^ 

/or all a, a' £ A and b,b' £ B. Define the maps 

R: B^A^A^B, R{b0a) = a(o)^ 0(0)^ ^i?a(i) , (4.25) 

Q :A(E)B -^ A(g)B, (5(a 6) = a<o>g^^^ O a<_i>&Qa<o>gj_^j . (4.26) 

T/ien ^ o®R^ *■' '^^ L-R-twisted tensor product of algebras and we have an algebra isomorphism 

AQ(^j:^Bc^AQtS)RB, a(^b^ «(o)<o> ® «(i)^a(o)<_i> . 

Proof. We have to prove that i? and Q satisfy (j2.1|) - (|2.8|) for the algebras A and B. We will 
only prove ([22]), (l23|), (gZ]), ([23]), while (^J^, ([23]), ([231), ([221) are much easier and are left to 
the reader. 
Proof of (I22D 



(a • a)j^ (g) bj^ = (a • a')(o)fljQj <8 (a • «')(o)fl,^j &ii(a • a')(i) 

[(a(o)-a(oV^_^^ )>).<„ Ji?[o] 

[(«(o)-a'(o).<_i>)^o).<o>^][o] 
[(«(o)-a(o)<_i>)R>)<o>,^][o] 

®[(«(0) • «(0)<-l>)^>)<0>,^][l]^«^"(l)r"(l) 



|4.15| / / N // / N / 

- (0(0) • «(0)<_i> )^[o](o) ((«(0) • «(0)<-i> )i?[o](,) • «(0)<o>,^ 



^>)<o>^^ («(o) • «{0)<_i> )R[i]^&iJ7ja(i).«(i) 

'■[1] 



'^>)<o>.^ a(0)fl,^, &i?7z«(i).a(i), 

'■[1] 



,/ 



«fl • Of ^ % = «(0)fl • 4 <» («(0)fl ^i?a(i) )r 



«(o)flp, '"W.^j ®«(o),.j^j(«(o)fljy^ija(i))ra(i) 
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= "(0)H[o, • "'(.^W,, , ® "'i^W,, , mny^.J^Rn^wAl) 



("(o)„,,^^^^-«(o) )("(o).[oi,,/"(>^;... 






^O(o),„_ a{o)«,^,_^i?,za(i).«(i) 



"^-[i, ' '"[11- 






^"(0)«fol, . •''(0)<-i>)(«(0)f •"' 



(0) ■ -v^im -'"'■■Tj^jj 

'■[1] 



Proof of (123 



jnm 



(a • aOg 6q = (a • a')<o>Q^Qj «> (a • a')<-i>^Q(a • «')<o>q^_^j 

- l«<o>(o), ia<o>(i) ■ a<o>)JQ{o} ® «<-i>«<-i>,0Q 

[«<o>(o), (a<o>(i) •a<o>)]Q{-i} 
i|2.5|i . , I I 

[«<o>(o)^("<o>(i) •a<o>)Q]{-i} 

(«<0>(o)^_ • (a<0>(i) • «<0>)Q{o}<_i> )(«<0>(i) • «<0>)Q{o}<o> 

«<-i>a<-i>,^Q^(«<o>(i) • a<o>)Q{-i}^«<o>(o)^_ 

(«<0>(o) • «<0>Q(„j^_^^ )(«<0>(i) • «<0>Q^o}<o> ^ 

«{0} 

a<-i>a<-i>,^Q,j-a<o>Q,_,,_a<o>(o),__ 

= «g • <o>Qj„j ® «-i>^Q«<o>Q^_^j )g 

"<o>9{o} •"<o>Q{o} ®"<-i>("<-i>^Q"<o>Q{_ij)g«<o>,{_i} 
= "<o>9^^ '^Oq.^, «'a<-i>a<-i>,^Q^«<0>c3, ^,_«<0>^ 

Q{0} ^"^ ^ ^'Q ''{-1} 



°9- • "b ® % 



("'<o>t.- •«<o>Q,,„ )(o<o>^_ •a<o>Q,,„ 

(g)a<_i>a'<„i>^6Q_a'<o>^ a<o> 



^{-1} 

an . ' V ' 
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^ ^0 '5(0){-i} 



>,-Mq"^U^Q^_^j_- --"^(O),. 
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Proof of (EH) 



6^ a^ ®b'^ = a^o) 6^a(i) (a(o)^ )q 6'^ 



J4:22l , ,, 



H:T2t 

= "{0)<o>B^ ^^"(1) ^ a(0)<o>„ ®«(0)<-i>f'Q«(0)<o>„ 

''{O},!] '5{0}[0] ''{-1} 



ion 



"<0>'3{0)(„)^^^^ ^^"<0>'5{0>(,) ® "<°>«{0}„„^^^^ ® a<-l>fcQ«<0>g(_^j 



0(0) „ 6/ja(i) (g)a(o)„ '^"(o)r ^0*^(0) r 



Proof of (ES 



= a(oVj^^ a'<_i>(a(o),j^j 6,a(i))Qa'<o>Q^_^j ® a<o>p 



{0} 

Ml 

"Qa 



0(0).^ a<-i>a(0). ^r-Qa(i)_a'<o> ® a'<o>. 



J4:2m / , / / 

= a(o),^^^^^ ^ a(o),,^^^^ «<-i>R^'-Q«(i),«<o>Q,^_^j ^ "<o>Q.{, 
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Km , , , , 

We prove now that the map ip : A q (g)^ B ^- A q i^ir B, ip{a (>^ b) = a(o)<()> ^ Q^(i)&fl(o)<_i> ' 
is an algebra isomorphism. First, using KEh . KEh . (I4.10p . (I4.12J) . (|49]) . (14. lip , it is easy to 
see that ip is bijective, with inverse given by a (8) fc i-> O[o]roi "^ '^[i]^^[o]r n- It is obvious that 
(p{l 1) = 1 (8) 1, so we only have to prove that f is multiplicative. We compute: 

^{{a(g)b){a' (g)b')) = (p{aQ • a'p^^bj^b'^) 

= [«<o>Q{oj • «(0)«j„, ](o)<o> ^ [«<o>Q{oj • «{0)«jj(i)a(0)«j^, ^i?«(i) 
a<-i>^QO<o>Q^_^j ["<o>Q{o} • >)fl[o]](o)<-i> 






<o>,i). "W«[01,„ "(o)«w "/?«(l)"<-l>"Q«<0>Q^_,j 



' "in' 

(0) '•'^^^'■<-i> ''•'"'■<o> 



[('^<0>Q{0}(0) •''(o)h.,„,>)«(o)«,.<„J<o> 
®a<o>Q 6i?a(i)a<_i>6Qa<o>Q 

'- -' I 1 ) 7" "- -' 



>(0) ^■'"^'•<-l> ^■''"'■<o> 



f^''<°>«{0}(0, ■ «(0)h.<_, J>)«. J<-1> 



SSI 



SI 



147] 



«(o)<o>Q a(o)<o>„ ® «(i)r^V(i)a(o)<_i>&Q«(o)<_i 



>.' 



(/9(a (g) 6)(/3(a' (g) 6') = (a(o)<o> <^ a(i)^«(o)<_i>)(a(o)<o> ^ «(i)^'«(o)<_i>) 

«(o)<o>p >)<o>^ ^ («(i)&«(0)<_i> )i?(a'(i)&'«(o)<„i> )q 

i|2.3li . i|2.6|i , I ii I 

«(0)<o>Q^«(0)<o>^^_ ® «(lV^'-«(0)<-i>^«{l)g&g«(0)<_i; 
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Km 



«(o)<o>p^ "(o)<o>^^ ® a(i),.^««(i)O(0)<-i>&Qa'(0)< 



finishing the proof. D 

Remark 4.4 It is very easy to see that Theorem \4-3\ generalizes Theorem 4-4 *^ /-?-?] /• On the 
other hand, it generalizes also Proposition \4.1\ Indeed, Proposition \4- 1\ may he obtained by taking 
in Theorem\4^A = A, B = H , R : H®A^ A<^H, R{h(^ip) = hi-ip'S>h2, Q : A'S>H -^ A(^H, 
Q{ip i^h) = if ■ h2'^hi, m : H 1^ A^ A, iii{h®ip) = h- ^p, Hr '■ A® H ^ A, jirifS^h) = if -h, 
Pr : A^ A0H, pr{ip) =G^ ■(p®G'^, pi: A^ H ®A, pi{ip) = F^ i^) ^p ■ F"^ , Xr : A^ A0 H, 
Xr{ip) = F^ ■if^F'^, Xi : A ^ H A, Xi{ip) = G^ (g) if ■ G"^ , for all h e H and if e A. 
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